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The role of initial qubit–environment correlations on trace distance between two
qubit states is studied in the framework of non–Markovian pure dephasing. The
growth of mixedness of reduced state quantified by linear entropy is shown to be
related to the degree of initial qubit–environment correlations.
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1. Introduction
In quantum mechanics, a state of a system is defined by a density matrix ρ. Nowa-
days, the state can be completely determined by the procedure which is called quantum
tomography. Due to the fundamental limitations related to the Heisenberg uncertainty
principle and the no-cloning theorem [1], one cannot perform an arbitrary sequence of
measurements on a single system without inducing on it a back-action of some sort. On
the other hand, the no-cloning theorem forbids to create a perfect copy of the system
without already knowing its state in advance. Thus, there is no way out, not even in
principle, to infer the quantum state of a single system without having some prior knowl-
edge on it [2]. However, it is possible to reconstruct the unknown quantum state of a
system when an ensemble of identical copies are available in the same state, so that a
series of ideal measurements can be performed on each copy, for more information see
e.g. [3, 4].
Manipulation on quantum states in atomic, molecular and optical systems is an impor-
tant problem in contemporary physics research, with many types of experiments aimed
∗The work supported by the NCN Grants N202 052940 (J.  L.), UMO-2011/01/B/ST6/07197 and
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at applications ranging from metrology to quantum computation, quantum cryptography
and quantum-state engineering. It naturally arises the question on the relation between
states before and after the manipulation and the extend to which states are similar or
different. For example, are the output states more distinguishable or less distinguishable
than the input states; do they behave in a similar way or not. The answer in not simple
because it depends on a distinguishability measure. In literature one can find many ex-
amples of distinguishability measures which a part are based on the notion of a distance
D[ρ1, ρ2] between two states ρ1 and ρ2. The distance can be quantified by a metric which
has the following properties:
(i) non-negativity D[ρ1, ρ1] ≥ 0,
(ii) identity of indiscernibles D[ρ1, ρ2] = 0 if and only if ρ1 = ρ2,
(iii) symmetry D[ρ1, ρ2] = D[ρ2, ρ1],
(iv) the triangle inequality D[ρ1, ρ2] ≤ D[ρ1, ρ3] +D[ρ3, ρ2].
In fact, the first condition is implied by the others. Because there are infinitely
many metrics, the problem arises which metric is proper [5]. The most popular distance
measures include the trace distance, Hilbert-Schmidt distance, Bures distance, Hellinger
distance and Jensen-Shannon divergence [5, 6, 7, 8, 9, 10].
Majority of description of a general state-transformation is given in terms of the so-
called quantum operation (also named as quantum dynamical map, quantum process
or quantum channel) E , i.e. by a linear, trace-preserving (more generally: trace non-
increasing) completely positive map. Let us recall that the quantum operation E defined
on the whole space of operators ρ on the Hilbert space is contractive with respect to a
given distance D[ρ1, ρ2] if
D[E(ρ1), E(ρ2)] ≤ D[ρ1, ρ2]. (1)
It implies that two quantum states do not become more distinguishable under the action
of quantum operation.
Real quantum systems are typically open, i.e. they interact with environment. Dy-
namics of such systems is not unitary and in general it is even not described by quantum
operation. To understand it, let us assume that the total system S + environment E is
closed and its unitary dynamics is determined by the total Hamiltonian
H = HS ⊗ IE +HI + IS ⊗HE , (2)
where HS is the Hamiltonian of the system S, HE is the Hamiltonian of the environment
E and HI describes the system-environment interaction. The operators IS and IE are
identity operators (matrices) in corresponding Hilbert spaces of the system S and the
environment E, respectively. Let the initial state ̺ of total system S + E is determined
by the density operator
̺ = ̺SE(0). (3)
Then the state of the system S at time t > 0 is determined by the reduced dynamics,
ρ(t) = TrE{̺SE(t)} = TrE{U(t) ̺SE(0) U †(t)}, U(t) = exp[−iHt/~]. (4)
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Because the partial trace TrE is a quantum operation, it defines the trace preserving
positive map S + E → S:
̺SE(0)→ Λt̺SE(0) = TrE{U(t) ̺SE(0) U †(t)}. (5)
In the case when the initial state is a non-correlated state, i.e. when it is a product state
̺SE(0) = ρS ⊗ ωE , (6)
where ρS is an arbitrary initial state of the system S and ω
E is a fixed initial state of the
environment E, the relation
ρS → ΦtρS = TrE{U(t) ρS ⊗ ωE U †(t)} (7)
defines a trace preserving quantum operation S → S (into itself) which is also called a
completely positive quantum dynamical map. Let E = Φt is such that ρΦ(t) = Φtρ(0),
where ρ(0) is an initial state of the system S. Then contractivity (1) means that
D[ρΦ1 (t), ρ
Φ
2 (t)] ≤ D[ρ1(0), ρ2(0)] (8)
for any two initial states ρ1(0) and ρ2(0) of the system S. As a consequence, the distance
between two system states cannot increase in time and the distinguishability of any states
can not increase above its initial value.
Now, let the initial state ̺SE(0) is not a product state. It means that the system S
is initially correlated with its environment E. Let E = Λt is such that ρΛ(t) = Λt̺SE(0),
where ̺SE(0) is an initial state of the total system S. Then contractivity (1) means that
D[ρΛ1 (t), ρ
Λ
2 (t)] ≤ D[ρSE1 (0), ρSE2 (0)]. (9)
Note that in the left hand side of this relation there are two states ρΛ1 (t) and ρ
Λ
2 (t) the
system S while in the right hand side there are two states ρSE1 (0) and ρ
SE
2 (0) of the total
system S + E. In this case, one cannot say whether the distance between two states of
the system S decreases or not because the relation (9) does not imply the inequality
D[ρΛ1 (t), ρ
Λ
2 (t)] ≤ D[ρ1(0), ρ2(0)], (10)
where
ρi(0) = TrE{̺SEi (0)} i = 1, 2 (11)
is the initial reduced state of the system S.
The formal relation
ρS = TrB{̺SE(0)} →WtρS = TrE{U(t) ̺SE(0) U †(t)} (12)
is not generally a quantum operation. Moreover, Wt is not even a map because many
different ̺SE(0) reduce to the same ρS and for the same ρS one can obtain several
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different WtρS . Therefore in general the inequality (10) need not be fulfilled in the case
of initially correlated state of S + E.
As an example of the distance measure let us recall the trace distance defined by the
relation
DT [ρ1, ρ2] =
1
2
Tr
√
(ρ1 − ρ2)2 (13)
which is limited to the unit interval,
0 ≤ DT [ρ1, ρ2] ≤ 1.
From the Ruskai theorem [11] follows that the quantum operation E is a contraction with
respect to the trace distance. In such a case, the relations (8) and (9) are satisfied when
distance D = DT is the trace distance. Therefore the trace distance between two states
of the system S cannot increase in time when the system S is initially non-correlated
with its environment and the distinguishability of any system states can not increase
above an initial value. In the case when the system S is correlated with the environment
E, one cannot say whether the distance between two states of the system S decreases or
not because the relation (10) does not hold in a general case.
From the above it follows that the trace distance DT [ρ1(t), ρ2(t)] between two states
ρ1(t) and ρ2(t) of the system S can grow above its initial value DT [ρ1(0), ρ2(0)] only in
two cases:
(A) when the system S is initially correlated with the environment E or
(B) when the system S is initially non-correlated with the environment E and in the
relation (7) there are two different initial states ωE1 and ω
E
2 of the environment E, i.e.
when
ρ1(t) = TrB{U(t) ρ⊗ ωE1 U †(t)},
ρ2(t) = TrB{U(t) ρ⊗ ωE2 U †(t)}. (14)
We should remember that contractivity of reduced dynamics is not a universal feature
but depends on chosen metric and therefore decrease or increase of distances between two
states can depend on the metric [12]. Contractivity of quantum evolution can break down
when the system S is initially correlated with its environment [13, 14] and implications
of such correlations have been studied in various context [14, 15]. Examples of an exact
reduced dynamics which fail contractivity with respect to the trace distance are studied
in Refs. [16, 17, 12]. Two experiments on initial system-environment correlations have
recently been conducted in optical systems [18].
In the paper, we study the role of initial system-environment states on the trace
distance of states and linear entropy for the reduced dynamics. In Sec. 2, we define
a quantum open system. It is a two-level system (qubit) interacting with an infinite
bosonic environment. We consider a pure dephasing interaction between the qubit and
the environment [19] and we ignore the energy decay of the qubit. This assumption is
reasonable since in some cases the phase coherence decays much faster than the energy.
We derive the exact reduced dynamics of the qubit for a particular initial correlated
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qubit-environment state. Properties of time evolution of the distance between two states
of the qubit are demonstrated in Sec. 3. In the same section we analyze the mixedness
of reduced state quantified by entropic measure. Finally, Sec. 4 provides summary and
some conclusions.
2. Qubit dephasingly coupled to infinite bosonic environment
In this section, we consider the same model as in our previous papers [16, 12]. For
the readers convenience and to keep the paper self-contained, we repeat all necessary
definitions and introduce notations. The model consists of a qubit Q (two-level system)
coupled to its environment E and we limit our considerations to the case when the process
of energy dissipation is negligible and only pure dephasing is acting as the mechanism
responsible for decoherence of the qubit dynamics [19]. Such a decoherence mechanism
can be described by the total Hamiltonian (with ~ = 1)
H = HQ ⊗ IE + IQ ⊗HE + Sz ⊗HI , (15)
HQ = εS
z, HE =
∫ ∞
0
dω h(ω)a†(ω)a(ω), (16)
HI =
∫ ∞
0
dω
[
g∗(ω)a(ω) + g(ω)a†(ω)
]
, (17)
where Sz is the z-component of the spin operator and is represented by the diagonal
matrix Sz = diag[1,−1] of elements 1 and −1. The parameter ε is the qubit energy
splitting, IQ and IE are identity operators (matrices) in corresponding Hilbert spaces
of the qubit Q and the environment E, respectively. The operators a†(ω) and a(ω) are
the bosonic creation and annihilation operators, respectively. The real-valued spectrum
function h(ω) characterizes the environment. The coupling is described by the function
g(ω) and the function g∗(ω) is the complex conjugate to g(ω). The Hamiltonian (15) can
be rewritten in the block–diagonal structure [20],
H = diag[H+, H−], H± = HB ±HI ± εIB. (18)
As an example, we assume that at the initial time t = 0 the composite wave function
|Ψ(0)〉 of S + E is given by the expression
|Ψ(0)〉 = b+|1〉 ⊗ |Ω0〉+ b−| − 1〉 ⊗ |Ωλ〉. (19)
The states |1〉 and | − 1〉 denote the excited and ground state of the qubit, respectively.
The non-zero complex numbers b+ and b− are chosen in such a way that the condi-
tion |b+|2 + |b−|2 = 1 is satisfied. The state |Ω0〉 is the ground (vacuum) state of the
environment and
|Ωλ〉 = C−1λ [(1− λ)|Ω0〉+ λ|Ωf 〉] , (20)
where |Ωf 〉 = D(f)|Ω0〉 is the coherent state. The displacement (Weyl) operator D(f)
reads [21]
D(f) = exp
{∫ ∞
0
dω
[
f(ω)a†(ω)− f∗(ω)a(ω)]
}
(21)
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for an arbitrary square–integrable function f . The constant Cλ normalizes the state (19)
and is given by the expression
C2λ = (1− λ)2 + λ2 + 2λ(1− λ)Re〈Ω0|Ωf 〉, (22)
where Re is a real part of the scalar product 〈Ω0|Ωf 〉 of two states in the environment
Hilbert space. The correlated initial state (19) is in the form similar to that in Ref. [16].
The parameter λ ∈ [0, 1] controls the strength of initial correlations of the qubit with
environment. For λ = 0 the qubit and the environment are initially uncorrelated while
for λ = 1 the correlation is most prominent for the assumed class of initial states.
The initial wave function (19) of the isolated system S+E evolves unitarily according
to the Hamiltonian (15) and reads
|Ψ(t)〉 = b+|1〉 ⊗ |ψ+(t)〉+ b−| − 1〉 ⊗ |ψ−(t)〉, (23)
where
|ψ+(t)〉 = exp(−iH+t)|Ω0〉,
|ψ−(t)〉 = exp(−iH−t)|Ωλ〉. (24)
The state of the total system is a pure state and the corresponding density matrix
̺(t) = |Ψ(t)〉〈Ψ(t)|. In turn, the partial trace TrE over the environment degrees of
freedom yields the density matrix ρλ(t) = TrE̺(t) of the qubit. In the base {|1〉, | − 1〉},
it takes the matrix form
ρλ(t) =
( |b+|2 b+b∗−Aλ(t)
b∗+b−A
∗
λ(t) |b−|2
)
, (25)
where the decoherence factor Aλ(t) is given by
Aλ(t) = C
−1
λ e
−2iεt−r(t)
[
1− λ+ λe−2iΦ(t)+s(t)
]
, (26)
and [20]
r(t) = 4
∫ ∞
0
dωg2h(ω) [1− cos(ωt)] , (27)
s(t) = 2
∫ ∞
0
dωgh(ω)f(ω) [1− cos(ωt)]
− 1
2
∫ ∞
0
dωf2(ω), (28)
where gh(ω) = g(ω)/ω and
Φ(t) =
∫ ∞
0
dωgh(ω)f(ω) sin(ωt). (29)
[Author and title] 7
Without loss of generality we have assumed in Eqs. (27)-(29) that the functions g(ω)
and f(ω) are real valued and the energy spectrum function h(ω) = ω.
Now, let us consider the second class of initial states of the total system. We assume
that the system-environment initial state is mixed and given by the product state:
̺p(0) = ρλ(0)⊗ |Ω0〉〈Ω0|, (30)
where
ρλ(0) = TrE |Ψ(0)〉〈Ψ(0)| (31)
is the marginal qubit state and |Ψ(0)〉 is defined by Eq. (19). From the relation
ρp(t) = TrE{e−iHt ρλ(0)⊗ |Ω0〉〈Ω0| e−iHt} (32)
we obtain the reduced dynamics of the qubit in the case of the initial uncorrelated qubit-
environment state. It can be expressed in the matrix form as:
ρp(t) =
( |b+|2 b+b∗−Aλ(0)A0(t)
b∗+b−A
∗
λ(0)A
∗
0(t) |b−|2
)
. (33)
Properties of the trace distance between qubit states subjected to reduced dynamics (25)
and (33) are presented in the next section. We stress that that initial states (19) and (30)
of the total systems are different because the initial environmental states are different.
However, the reduced initial states of the qubit are the same in both cases.
3. Properties of trace distance and linear entropy
Our model is still incomplete. We have to consider some models for the spectral
density g2h(ω) of the environment, see Eqs.(27)-(29). We assume that for low frequencies
it exhibits power–like frequency dependence and the frequency scale characterizes the
cut-off frequency. An example of such a function is taken in the form [22]
g2h(ω) = αω
µ−1 exp(−ω/ωc), (34)
where α > 0 is the qubit-environment coupling constant, ωc is a cut-off frequency and
µ > −1 is the ”ohmicity” parameter: the case −1 < µ < 0 corresponds to the sub–ohmic,
µ = 0 to the ohmic and µ > 0 to super–ohmic environments, respectively. As it follows
from our previous study [16], only in the case of super–ohmic environment, the trace
distance can increase. Therefore below we analyze only this regime.
The second function we have to specify is the function f(ω) in Eq. (21) which
determines the coherent state of the boson environment. We can choose any integrable
function but for convenience we take the function
f2(ω) = γ ων−1 exp(−ω/ωc). (35)
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There is no deeper physical justification for it and the only reason for our choice is
possibility to calculate explicit formulas for the functions in Eqs. (27)-(29). As a result
one gets
r(t) = 4L(α, µ, t), (36)
s(t) = 2L(√αγ, (µ+ ν)/2, t)− 1
2
γΓ(ν)ωνc , (37)
L(α, µ, t) = αΓ(µ)ωµc
{
1− cos [µ arctan(ωct)]
(1 + ω2c t
2)µ/2
}
, (38)
Φ(t) =
√
αγ Γ (κ)ωκc
sin
[
µ+ν
2 arctan(ωct)
]
(1 + ω2c t
2)κ/2
, (39)
where κ = (µ+ ν)/2 and Γ(z) is the Euler gamma function.
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Fig. 1: (Color online) Time evolution of the trace distance DT (t) ≡ DT [ρλ(t), ρp(t)]
between two qubit states (25) and (33) for selected values of the correlation parameter
λ. Time is in unit of ωc, the dimensionless coupling αω
µ
c = 0.01 and γω
ν
c = 0.05. The
remaining parameters are: ε = 1, µ = 0.01, ν = 0.2 and |b(1)+ |2 = |b(2)+ |2 = 1/2.
We analyze the distance between two qubit states for the case when two corresponding
initial states of the total system are given by Eqs. (19) and (30), respectively. It is the
case when at initial time t = 0 the first state of the qubit is correlated with its environment
and the second state is non-correlated. In Fig. 1 we present time evolution of the trace
distance DT (t) = D[ρλ(t), ρp(t)] between two qubit states (25) and (33) for selected
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Fig. 2: (Color online) Time evolution of the linear entropy of two qubit states (25)
indicated by Aλ and (33) indicated by A0 for selected values of the correlation parameter
λ. Time is in unit of ωc, the dimensionless coupling αω
µ
c = 0.01 and γω
ν
c = 0.05. The
remaining parameters are: ε = 1, µ = 0.01, ν = 0.2 and |b(1)+ |2 = |b(2)+ |2 = 1/2.
values of the correlation parameter λ. The first observation is the monotonic increase of
the distance as time grows and the distance saturates in the long-time limit. The second
observation is that increase of the correlation parameter λ enhances distinguishability of
two states and the distance between two qubit states grows.
Quantum dynamics of an open system results in growing (or at least non–lowering)
’mixedness’ of the reduced state. Equivalently, one may discuss the problem of the
entropy production resulting from the dephasing process. Here, as a simplest measure of
the information loss due to system-environment interaction we adapt the linear entropy
SL[ρ] = 1− Tr(ρ2) (40)
of any reduced states ρ. It takes the form
SL[ρλ] = 1−
[|b+|4 + |b−|4 + 2|b+|2|b−|2|Aλ(t)|2] (41)
for the state (25) and
SL[ρp] = 1−
[|b+|4 + |b−|4 + 2|b+|2|b−|2|Aλ(0)A0(t)|2] (42)
for the state (33).
The linear entropy can range between zero, corresponding to a completely pure state,
and 1/2 corresponding to a completely mixed state. In Fig. 2, we compare time evolution
of the linear entropy for both types of models Eqs. (25,33). It is seen that the difference
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SL[ρp] − SL[ρλ] is greater when λ is greater. It means that for any time t > 0 the
mixedness of the reduced state is smaller when the qubit is initially correlated with its
environment in comparison to the case when the initial state is uncorrelated. Moreover,
if the degree of correlation grows the mixedness decreases. The results exemplified in
Fig. 2 allow to conclude that
SL[ρp] ≥ SL[ρλ]. (43)
As the expression for both SL[ρλ] and SL[ρp] are known, it can be proven using straight-
forward analytic methods. Indeed, from (41) and (42), it follows that (43) holds true if
|Aλ(t)|2 ≥ |Aλ(0)A0(t)|2. In turn, it is equivalent to the requirement s(t) ≥ s(0) which
is true as follows from Eq. (28).
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Fig. 3: (Color online) Long–time characteristics of the trace distance between two qubit
states (25) and (33) as a function of the qubit-environment coupling constant α in (34)
for selected values of the correlation parameter λ. Time is in unit of ωc, γω
ν
c = 0.05.
The remaining parameters are: ε = 1, µ = 0.01, ν = 0.2 and |b(1)+ |2 = |b(2)+ |2 = 1/2.
Now, we analyze the long time limit of the trace distance between two qubit states,
DT (∞) = limt→∞DT [ρλ(t), ρp(t)]. The dependence of DT on the qubit-environment
coupling constant α, which occurs in the spectral density (34), exhibits a bell-shaped
extremum and then the optimal coupling exists which maximizes the trace distance, see
Fig. 3. The maximum is the most pronounced for a strong initial correlations. For weak
and strong coupling, the distance tends to zero. In Fig. 4, we depict the influence of the
parameter γ which characterizes the coherent state of environment. One can also observe
a maximum of the distance. Finally, in Fig. 5, we investigate how the spectral properties
of the environment, encoded in the ’ohmicity’ parameter µ, influences on the distance.
The most important observation is the occurrence of minimum in distance for a particular
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Fig. 4: (Color online) Long–time characteristics of the trace distance between two qubit
states Eqs. (25) and (33) as a function of the amplitude γ Eq,(35) for selected values of
the correlation parameter λ. Time is in unit of ωc, the dimensionless coupling αω
µ
c = 0.01.
The remaining parameters are: ε = 1, µ = 0.01, ν = 0.2 and |b(1)+ |2 = |b(2)+ |2 = 1/2.
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Fig. 5: (Color online) Long–time characteristics of the trace distance between two qubit
states (25) and (33) as a function of the ’ohmicity parameter’ µ in Eq.(34) for selected
values of λ. Time is in unit of ωc, the dimensionless coupling is kept fixed: αω
µ
c = 0.01 and
γωνc = 0.05. The remaining parameters are: ε = 1, ν = 0.2 and |b(1)+ |2 = |b(2)+ |2 = 1/2.
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value of µ. The strong superomic environment is more desired for distingushability of
qubit states.
4. Summary
According to Ref. [17], an increase of the distance can be interpreted in terms of
the exchange of information between the system and its environment. If the distance in-
creases over its initial value, information which is locally inaccessible at the initial time is
transferred to the open system. This transfer of information enlarges the distinguishabil-
ity of the open-system states which suggests various ways for the experimental detection
of initial correlations. The trace metric is one of the most important measures of a dis-
tance between states in quantum information processing. Moreover, it has a physical
interpretation as a measure of state distinguishability.
With this work, we have studied the role of initial qubit-environment correlations
and analyzed two characteristics: trace distance between two qubit states and the linear
entropy. We have demonstrated that the trace distance exhibits a rich diversity of char-
acteristics and is sensitive to selected parameters like coupling strength of the qubit and
environment. In particular, depending on the chosen parameter regime, we can iden-
tify optimal regimes where the distance is locally maximal and distinguishability of the
qubit states can be maximal. Moreover, the trace distance increases as time grows and
saturates in the long-time limit. The increase of the correlation parameter λ enhances
distinguishability of two states and the distance between two qubit states grows. The
results on the trace distance presented here extend findings of Refs. [16] and [12], where
the initial state of the composite system was always a pure state and the initial state of
the environment was a mixed state. Here we include the case of a mixed state of the
composite system and a pure environment state. Here and there, the initial state of the
qubit is mixed.
We have also considered a linear entropy of the reduced state which monotonically
grows as time grows (the reduced state is more and more mixed). The impact of initial
correlations on the linear entropy is also crucial: For any time t > 0 the mixedness of the
reduced state (i.e. how much the initial state is far from being pure) is smaller when the
qubit is initially correlated with its environment and if the degree of correlation grows the
mixedness decreases. This work could be continued to extend future theoretical studies.
In particular, it would be interesting to study other classes of initial correlations and their
impact on distance properties of qubit states and other characteristics of the quantum
open systems.
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